′′ wc of the reduction of an O*-algebra M via a given projection E ′ weakly commuting with M is studied, with the aim of finding conditions under which the reduction of a GW*-algebra is a GW*-algebra itself. The obtained results are applied to the problem of the existence of conditional expectations on O*-algebras.
Introduction and Preliminaries
If M is a von Neumann algebra and E ′ a projection on the commutant M ′ of M, then it is well known that the reduced algebra M E ′ = {XE ′ ; X ∈ M} is again a von Neumann algebra. The notion of von Neumann algebra has been generalized to unbounded operator algebras by introducing several classes of O*-algebras, such as GW*-algebras, EW*-algebras, etc. It is then natural and important for applications to pose the question if the reduced algebra of a GW*-algebra via a projection E 
But the following question is open
Question: Does the equality (M E ′ )
If the answer to this question is affirmative, then the reduced algebra M E ′ of a given GW*-algebra is again a GW*-algebra. This question will be considered in Section 2, where we will show that if D is the Fréchet domain of M and the linear span
Furtheremore, we will show that, if the graph topology t M is defined by a sequence {T n } of essentially self-adjoint operators of M, whose spectral projections leave the domain D invariant, then again (
In Section 3 we shall apply the results of Section 2 to the study of conditional expectations for O*-algebras. 
Main results

Let
wc . Hence we need only to prove the converse inclusion:
′′ wc is an operator on E ′ D, and so to show that X ∈ (M ′′ wc ) E ′ we need to extend X to an operator on D. We will consider this extension problem below.
Let Z denote the central support of E ′ i.e., Z is the projection onto the closure of the subspace M
Then we have the following
which implies that X e is well-defined and (X e ) † = (X † ) e . It is clear that X e is a linear operator on E. Hence X e ∈ L † (E). Moreover, as it is easily seen,
Since e(M E ′ ) is an O*-algebra on E, its closure is an O*-algebra on E. It is easily
Proof. By the assumption, for every X ∈ (M E ′ ) ′′ wc , X e extends to an operator X e on D; that is X e = X e ↾ D and ( X e ) E ′ = X. Furthermore, we have X e ∈ M ′′ wc . Indeed, for every C ∈ M ′ w , we have
Hence, CX e = X e C on E and so C X e = X e C. Thus 
Proof. The conditions (i) and (ii) immediately imply that
Remark 2.4. A comment is in order for condition (ii) of Lemma 2.3. Let us in fact consider the following statements:
Then (i) ⇒ (ii). In particular if M is self-adjoint, then the two conditions are equivalent. For the proof we refer to [5] .
Proof. Since D[t M ] is a Fréchet space, the topology t M is defined by a sequence {T n } of elements of M satisfying
. This in turn implies that, for every X ∈ L † (D) there exist n 0 ∈ N and γ > 0 such that
Take now an arbitrary
Since M ′ w is a von Neumann algebra, for every C ∈ M ′ w and ξ ∈ D, we have
Hence, the condition (i) of Lemma 2.3 is satisfied. By the same Lemma we then get the equality (M E ′ )
Lemma 2.6. Let M be a closed O*-algebra on a Fréchet domain D in H such that t M is defined by a sequence {T n } of essentially self-adjoint operators of M whose spectral projections belong to
Proof. First we observe that
Hence we only need to show that the converse inclusion also holds. Take an arbitrary ξ ∈ D. Then there exists a sequence {ξ n } in M such that lim n→∞ ξ n − P M ξ = 0. By (3), for every X ∈ M, there exists n 0 ∈ N and γ > 0 such that
By the assumption, T n0 is self-adjoint. Let T n0 = ∞ −∞ λdE Tn 0 (λ) be the spectral resolution of T n0 .We put E k := E Tn 0 (k) − E Tn 0 (−k), k ∈ N. Then, by assumption E k ↾ D ∈ M, ∀k ∈ N and so, E k ξ n ∈ M, ∀k, n ∈ N and lim n→∞ E k ξ n − E k P M ξ = 0. Furthermore, by (4) we have
Furthermore,
which implies that P M ξ ∈ D(X ↾ M). Hence, 
Moreover, since the spectral projections of the operators T n leave the domain D invariant, they automatically belong to M 
Corollary 2.8. Let T be an essentially self-adjoint operator in H and
The statement then follows from Theorem 2.7.
Apart from GW*-algebras, another unbounded generalization of von Neumann algebras is provided by the notion of extended W*-algebras, shortly EW*-algebras, defined as follows: A closed O*-algebra M on D is said to be an EW*-algebra if (I + X † X) −1 exists in M b := {A ∈ M : A ∈ B(H)}, for every X ∈ M and M b := {A ∈ M : A ∈ M b } is a von Neumann algebra [2] . It is easily shown that every EW*-algebra on a Fréchet domain satisfies the conditions of Theorem 2.7 (remind that every symmetric element of an EW*-algebra is essentially selfadjoint). Hence we have the following Corollary 2.9. Let M be an EW*-algebra on the Fréchet domain D in Hilbert space H and
Applications
In this section we show how to use the results of Section 2 in the analysis of the existence of conditional expectations for O*-algebras, which were first studied in [3, 4] .
Let M be a given O*-algebra on D in H with a strongly cyclic vector ξ 0 . Here ξ 0 ∈ D is said to be strongly cyclic for M if Mξ 0 t M = D. With no loss of generality we will assume that ξ 0 = 1. Let N be a O*-subalgebra of M. A map E of M onto N is said to be a conditional expectation of (M, ξ 0 ) w.r.t. N if it satisfies the following conditions:
In the case of von Neumann algebras Takesaki [7] characterized the existence of conditional expectations using Tomita's modular theory. Thus a conditional expectation does not necessarily exist for a general von Neumann algebra. Hence, in [3, 4] Ogi, Takakura and one of us considered a linear map E of a †-invariant subspace D(E) of M onto N satisfying the above conditions (i), (ii) and (iii) on D(E). Such a map is called an unbounded conditional expectation of (M, ξ 0 ) w.r.t. N, and it was shown that there exists the largest unbounded conditional expectation E N of (M, ξ 0 ) w.r.t. N. Furthermore, the existence of conditional expectation was characterized, using Takesaki's result in the case of von Neumann algebras. But a deeper analysis is needed since, at that stage the problem was not solved even in the case of GW*-algebras. One of the reason is that the reduction of a GW*-algebra is not necessarily a GW*-algebra, in contrast with the case of von Neumann algebras. For E N to be a conditional expectations of (M, ξ 0 ) w.r.t. N (i.e., everywhwre defined on M), the following result given in [4, Corollary 6.2] holds. 
By this Lemma and Theorem 2.5 we deduce the following Then E N is a conditional expectation of (M, ξ 0 ) w.r.t. N.
By Lemma 3.1 and Theorem 2.7 we deduce the following Then E N is a conditional expectation of (M, ξ 0 ) w.r.t. N.
Proof. By Lemma 2.6, Nξ 0 and N ′ w P N D are essentially self-adjoint for N; by Theorem 3.2 it follows that E N is a conditional expectation of (M, ξ 0 ) w.r.t. N. 
